In previous papers the convergence of sequences of``rectangular'' multivariate Pade -type approximants was studied. In other publications definitions of`t riangular'' multivariate Pade -type approximants were given. We extend these results to the general order definition where the choice of the denominator polynomial is completely free. Also we develop convergence theorems and we distinguish between results obtained in polydiscs and in multivariate balls. The numerical examples section illustrates this difference and compares the obtained results with the approximation power of general order multivariate Pade approximants.
General Order Multivariate Pade -Type Approximants
In the past 15 years different definitions were given for the notion of multivariate Pade -type approximant. We refer for instance to [Brez79, Ario87, Kida89, Sabl83, Beno91] . In [AbCu93] a general order definition was introduced that contained all the previous ones as special cases and was inspired on the definition of a general order multivariate Pade approximant as given in [Cuyt86] . The advantage of using Pade -type approximants instead of Pade approximants is that information on the poles of the given function can be used in order to obtain better numerical behaviour of the approximant. For the paper to be self-contained we briefly recall the general order multivariate definition.
Without loss of generality we write everything down for the bivariate case. Let the function f (z) with z=(x, y) # C 2 be given by its Taylor Here we make use of the convention that c # =0 if # 1 <0 or # 2 <0. As usual in general order multivariate Pade approximation, we assume that N satisfies the so-called rectangle rule or inclusion property, meaning that when an index point belongs to N, then the rectangular subset of index points emanating from the origin with the given point as its furthermost corner, is contained in N. This restriction on N is a natural translation of the univariate accuracy-through-order condition for the remainder series fq&p. We call the rational function p(z)Âq(z) the general order multivariate Pade -type approximant to f and denote it by (NÂD) f . For more details on the special cases covered by this general definition we refer to [AbCu93] .
For the definition introduced by Brezinski in [Brez79] , convergence results can be found in [OrGo91] and [Dara89] with a new proof of Daras' theorem in [Ruda94] . In those papers only rectangular choices for the index sets N and D are treated, while we now aim at obtaining general results.
Most other definitions are based on triangular-like choices for N and D and deal with homogeneous subexpressions in the series expansion of f by writing
where |#| =# 1 +# 2 .
Error Formula and Convergence in Polydiscs
Throughout this section we denote by
the polydisc with polyradius (r 1 , r 2 ) around the origin, and we consider functions holomorphic in the polydisc and continuous on its boundary. Then we can use Cauchy's integral formula on the polydisc [Rang86] for the general order multivariate Pade -type approximant (NÂD) f to obtain
where we write w=(u, v) for a point on the boundary. This representation together with the fact that N satisfies the inclusion property and hence has some staircase form as shown in Fig. 1 , enables us to obtain a more detailed error formula for f&(NÂD) f . Let
so that N 2 "N can be subdivided in several parts like in [AbCu90] , namely Then we treat the remainder series (2) as a sum of four sepa tions, namely
In this way we obtain an error formula containing only a finite number of terms analogous to the univariate error formula:
Furthermore let
denote the size of the largest isosceles triangle that can be inscribed in N with top in (0, 0) and base along the antidiagonal. It is the largest value for which the index set
is entirely contained in N. For a similar construction see [Cuyt90] . Then we can prove the following. Proof. From (3) we have for z=(x, y) # B
Now consider the largest cube C N m that is contained in the index set S N m with side c N m =ws N m Â2x. Then we can write in a fixed compact subset of B
Since lim inf m Ä s N m = we obtain the uniform convergence of the sequence (N m ÂD m ) f in compact subsets of B. As for the geometrical convergence, if lim inf m Ä s N m Âm=t>0 then we have lim sup
which completes the proof. K
The conditions on q m (x, y) can be weakened to for instance
and a similar remark applies to the next theorem.
Error Formula and Convergence in Balls
In this section we concentrate on functions holomorphic in a ball B(0, R)=[z # C 2 : &z&<R] and continuous on its boundary. The boundary of the ball is the sphere S(0, R)=[z # C 2 : &z&=R]. Cauchy's integral formula states that for any z # B [Rudi80]
where (z, w) denotes the usual inner product, the constant C depends only on the dimension of the space (here the dimension is two because everything is detailed for the bivariate case) and _ is the rotation-invariant positive Borel measure on S=S(0, R) which can be normalized so that C=1. The Taylor coefficients c # of f admit the integral representation
where w Ä is the complex conjugate of w and #!=# 1 ! # 2 !. From the expression (2) for the remainder series fq&p we obtain the error formula
Theorem 2. Let f (z) be a function holomorphic on the ball B=B(0, R) and continuous on its boundary, and let N m and D m be two sequences of index sets satisfying the following conditions: Proof. From (4) we obtain for z # B, with the notations |z| =(|x|, | y| ) and |w|=(|u|, |v|):
Since the index set S N m /N m we can write
By the inequality of Cauchy Schwarz we have |( |z|, |w|) | &z& } &w&=R &z&
and consequently for z in a fixed compact subset of B and the rate of convergence is geometrical. K
Discussion of Special Cases

Polydiscs
A first special case is again the definition in [Brez79] where N and D are chosen to be rectangles. In this case the index set T is empty and the error formula simplifies to
When the set N is triangular as in [Ario87] , the set T is also triangular and the theorem proves the convergence for appropriate sequences q m (z). When the set N is band-structured as in [Kida89] , the condition for q m (z) to be bounded away from zero in the polydisc and its boundary should be replaced by a similar condition on the polydisc excluding a thin set of zeros. The convergence results then also apply to the polydisc excluding that thin set.
In any case it is not difficult to construct sequences q m (z) that satisfy the conditions of the theorem. Consider for instance 
Balls in Multivariate Space
The simplest case to which theorem 2 applies is the homogeneous approach with N m =S N m . In this case the error formula (4) takes a simpler form. Indeed,
Taking into account the fact that
and the proof is more straightforward. Choices for denominators q m (z) satisfying the conditions of theorem 2 are for instance
Polydiscs
Let us consider the function f (x, y)= exp(xy) (1&x)(1&y) which is holomorphic in polydiscs around 0 with polyradius (r 1 , r 2 ) componentwise less than 1. Our choice for the index sets N m and the polynomials q m is the following:
We display the value of the approximant (N m ÂD m ) f and the expression (Tables I and II) . 
Multivariate Balls
Let us take the function
which is holomorphic in the ball centered at 0 with radius 1. We now consider a more homogeneous approach and choose N m and q m as follows:
We display the value of the approximant (N m ÂD m ) f and the expression
which converges towards &z&, in the points z I =(0.3, &0.4) and z II = (0.6, &0.6) and now compare with the homogeneous Pade approximants [2m&1, 1] f that can be computed using the multivariate =-algorithm as detailed in [Cuyt82] . Input for the multivariate =-algorithm are the Taylor series coefficients c ij of f with 0 i+j 2m. The choices for m, z I and z II are such that the number of coefficients to be determined in the approximant and the position of the points with respect to the boundary, respectively of the poly-disc and the unit ball, are comparable. Again for the sake of completeness we also compare with the partial sum (Tables III and IV) . For the entries that were not filled in Tables I IV, the rounding error became larger than the truncation error. It is clear from the two tables above that near a singularity the use of a series is restricted and the use of a rational function is recommended. For multivariate Pade approximants a convergence theorem was proved in [Cuyt90] which applies when approximating a meromorphic function as is the case here. 
